We apply Tsuji's theory of numerically trivial fibrations to the abundance problem.
In this manuscript every variety is defined over the field of complex numbers C. Let X be an n-dimensional projective variety with only Q-factorial terminal singularities such that the canonical divisor K X is nef. Definition 1. We say that a property P (v) holds for a very general point v of a variety V if there exist at most countably many closed proper subsets G i of V and the property P (t) holds for every closed point t ∈ V \ ( G i ).
Definition 2 (Tsuji [10] ). For a nef Q-divisor D on X and x ∈ X, we set N(D, x) := max{dim V ; V is a subvariety of X such that x ∈ V and that D| V is numerically trivial } and N(D) := max{d ∈ N; N(D, x) ≧ d for a very general point x ∈ X}. Theorem 1. Assume that the minimal model conjecture is true in dimension n and that the log minimal model and the log abundance conjectures for Kawamata log terminal (klt) pairs are true in dimension ≦ n − 1. If N(K X ) = 1, then the canonical divisor K X is semi-ample.
Proof. From Tsuji ( [10] ) (See also [1] ), There exist complete varieties X 1 and Y and morphisms µ : X 1 → X and f : X 1 → Y with the following properties:
2. f is surjective and the function field Rat Y is algebraically closed in Rat X 1 .
From the property 5 and Zariski's Main Theorem, there exists an open subset
). We note that V and U are non-empty and open. Then 
where p is a birational morphism, Y 2 is a projective variety, ρ is a resolution of singularities and X 2 is a projective variety. We apply the relative minimal model program for g : X 2 → Y 2 . We end up with the relative minimal model h : M → Y 2 . Then K M is h-nef and K M | h −1 (y 2 ) = K h −1 (y 2 ) is Q-linearly trivial for a very general point y 2 ∈ Y 2 . Thus from Nakayama ([6], Theorem 5) (See also [5] , 6-1-11), we obtain a projective variety
where (Y 3 , ∆ 3 ) is some Kawamata log terminal (klt) pair.
We consider the following commutative diagram:
where α and β are common projective resolutions of X 2 and M, (Y lm , ∆ lm ) is a log minimal model for (Y 3 , ∆ 3 ) and γ 1 and γ 2 are common projective resolutions of Y 3 and Y lm . Now we denote the Iitaka dimension by κ, the numerical Iitaka dimension for a nef Q-Cartier divisor by ν and the Nakayama σ-dimension by κ σ (See Nakayama ([9])). We note the equalities ν(
, where E is the reduced divisor composed of the γ 1 -exceptional prime divisors. Because κ(K Y lm + ∆ lm ) = ν(K Y lm + ∆ lm ), the equalities above implies that κ(K X 2 ) = ν(K X 2 ). Thus Kawamata ([3] ) implies the assertion. Remark 1. The argument in the proof except the equation (2) runs also in the case 1 < N(K X ) < n.
Remark 2. For the inductive argument on dimension, the following problems are essential:
